Abstract. We give a comprehensive study on regularized approximate electromagnetic cloaking via the transformation optics approach. The following aspects are investigated: (i) near-invisibility cloaking of passive media as well as active/radiating sources; (ii) the existence of cloakbusting inclusions without lossy medium lining; (iii) overcoming the cloaking-busts by employing a lossy layer outside the cloaked region; (iv) the frequency dependence of the cloaking performances. We address these issues and connect the obtained asymptotic results to singular ideal cloaking. Numerical verifications and demonstrations are provided to show the sharpness of our analytical study.
Introduction
A region is said to be cloaked if its contents together with the cloak are invisible to certain noninvasive wave detections. Blueprints for making objects invisible to electromagnetic waves were proposed by Pendry et al. [18] and Leonhardt [11] in 2006. In the case of electrostatics, the same idea was discussed by Greenleaf et al. [8] in 2003. The key ingredient for those constructions is that optical parameters have transformation properties and could be push-forwarded to form new material parameters. The obtained materials/media are called transformation media, which we shall further examine in the current work for cloaking of the full system of Maxwell's equations.
The transformation-optics-approach-based scheme proposed in [8, 18] is rather singular. This poses much challenge to both theoretical analysis and practical fabrication. In order to avoid the singular structures, several regularized approximate cloaking schemes are proposed in [6, 9, 10, 12, 22] . The works [6] and [22] are based on truncation, whereas in [9, 10, 12] , the 'blow-up-a-point' transformation in [8, 18] is regularized to be the 'blowup-a-small-ball' transformation. The performances of both regularization schemes have been assessed for cloaking of acoustic waves to give successful near-invisibility effects. Particularly, in [9] , the authors show that in order to 'nearly-cloak' an arbitrary content, it is necessary to employ an absorbing ('lossy') layer lining right outside the cloaked region. Since otherwise, there exist cloaking-busting inclusions which defy any attempts of cloaking. This idea of introducing a lossy layer has recently been intensively investigated for approximate acoustic cloaking (see [15, 16] ), whose behaviors are now much well understood. However, very little progress has been made in the study of approximate EM cloaking for full Maxwell's equations due to the more complicated structure of Maxwell's equations. This is the main concern of the present article.
We have considered both the 'truncation-scheme' and the 'blow-up-asmall-ball-scheme' for approximate EM cloaking. However, in our study, the two regularization schemes have the same performances for near-invisibility, so we focus our exposition on the latter one. Based on a model problem, the following aspects on the approximate EM cloaking are addressed in detail.
(i) The near-cloak of EM waves for both passive media and active/radiating sources. For approximate cloaking of passive media, the near-cloak is shown to be within ρ 3 of the singular ideal cloaking, where ρ is the regularization parameter. Whereas if there is a delta point source present in the cloaked region, the near-cloak is shown to be within ρ 2 of the perfect cloaking. That is, we could still achieve the near-invisibility effect, but with one order reduction on the approximation. Compared to the near-invisibility assessments in [6, 9, 12, 15, 16, 22] for approximate acoustic cloaking (which is of O(ρ) when spatial dimension is 3; and O(1/ ln ρ) when spatial dimension is 2), the performances for near-cloak of EM waves are much better. We point out that the study in [9, 12, 15, 16, 22] lacks the analysis on the approximate cloaking when there is an active/radiating source present inside the cloaked region. Another rather interesting observation we would like to make is that in [5] , it is shown one cannot perfectly cloak an H −1 -source inside the cloaked region since otherwise there would be a conflict with certain 'hidden' boundary conditions of the finite energy solutions underlying the singular ideal EM cloaking, but our analysis here shows that one could nearly-cloak a delta point source inside the cloaked region.
(ii) If one allows that the contents in the cloaked region could be arbitrary, then for a fixed near-cloak construction, there always exist cloaking-busting inclusions which defy any attempts of cloaking. These are similar to the resonant inclusions observed in [9] for approximate acoustic cloaking. Following [9] , we employ a lossy layer with conducting medium outside the cloaked region to overcome the resonance and re-achieve all the approximate cloaking results for passive media and active sources in (i).
(iii) The performance of the approximate EM cloaking in asymptotically low and high frequency regimes. We show that it is impossible, with a fixed near-cloaking scheme, to obtain cloaking uniformly in frequency, especially for the cloaking of active/radiating objects. Our observation is closely related to the very recent study in [16] , where frequency dependence for the approximate acoustic cloaking is considered.
(iv) The limiting behaviors of solutions to regularized approximate cloaking problems, and their connections to finite energy solutions considered in [5] for singular ideal cloaking problems.
Our study has been mainly restricted to spherical cloaking devices with uniform cloaked contents. We base our analysis on spherical wave functions expansions of EM wave fields. Nonetheless, we believe similar results would equally hold for general approximate EM cloaking study.
In this paper, we focus entirely on transformation-optics-approach in constructing cloaking devices. We refer to [4, 17, 23] for state-of-the-art surveys on the rapidly growing literature and many striking applications of transformation optics. But we would also like to mention in passing the other promising cloaking schemes including the one based on anomalous localized resonance [13] , and another one based on special (object-dependent) coatings [1] .
The rest of the paper is organized as follows. In Section 2, we present the basics on transformation optics in a rather general setting and apply them to the construction of EM cloaking devices. Sections 3-5 are devoted to the main results, respectively on, cloaking of passive media, cloaking of radiating objects and, cloaking-busting inclusions and retaining of cloaking by employing a lossy layer. The numerical experiments are given in Section 6.
Transformation optics and electromagnetic cloaking
Let Ω be a bounded body in R 3 whose electric permittivity, conductivity, and magnetic permeability are described by the R 3×3 -valued functions ε, σ and µ, respectively. Consider the time-harmonic electric field E and magnetic field H inside Ω satisfying Maxwell's equations
with ω > 0 representing a frequency, J an internal current density. Let ν be the exterior unit normal on the boundary ∂Ω. By Λ ω ε,µ,σ,J we denote the linear mapping that takes the tangential component of E| ∂Ω to that of H| ∂Ω , i.e., Λ
Λ ω ε,µ,σ,J is known as impedance map which encodes the exterior (boundary) measurements of the EM wave fields. In noninvasive detections, one intends to recover the interior object, namely µ, ε, σ and J, by knowing Λ ω ε,µ,σ,J . It is pointed out that knowledge of the impedance map is equivalent to that of the corresponding scattering measurements (cf. [3] ). We refer readers to [19] and [20] for uniqueness results of this inverse problem. Throughout the rest of the paper, we shall denote by {Ω; ε, µ, σ, J} the object (EM medium and internal current) supported in Ω. We would also use Λ ω 0 to denote the impedance map in the free space; that is, it corresponds to the case with ε = µ = I, σ = 0 and J = 0 in Ω. In this context, invisibility cloaking can be generally introduced as follows. on ∂Ω for all ω > 0, (2.3) where the extended object {Ω; ε e , µ e , σ e , J e } is given by
with {D; ε a , µ a , σ a , J a } being the target object (which could be arbitrary).
According to Definition 2.1, the cloaking medium {Ω\D; ε c , µ c , σ c } makes the target object, namely the interior EM medium {D; ε a , µ a , σ a } and the interior source/sink J, invisible to exterior boundary measurements.
Next we present the transformation invariance of Maxwell's equations and transformation properties of EM material parameters, which shall form the key ingredients for our construction of invisibility cloaking devices. To that end, we first briefly discuss the well-posedness of the Maxwell equations (2.1). In the following, let Ω be an open bounded domain in R 3 with smooth boundary. Assume that ε, µ and σ are in L ∞ (Ω) 3×3 , and they have the following properties: There are constants c m , c M > 0 such that for all x ∈ Ω and arbitrary ξ ∈ R 3 c m |ξ|
(2.6) We remark that the conditions (2.5) and (2.6) are physical conditions for regular EM media. We also assume that J ∈ L 2 (Ω) 3 . For the Maxwell equations (2.1), we seek solutions (E, H) ∈ H(curl; Ω) × H(curl; Ω), where
We shall not give a complete review on the study of existence and uniqueness of solutions to (2.1) in the setting described above, and we refer to [14] for results related to our present study. It is noted that there is a well-defined continuous impedance map 8) provided ω avoids a discrete set of frequencies corresponding to resonances (cf. [14] ). Here,
with Div denoting the surface divergence on ∂Ω.
Lemma 2.2. Consider a transformationx = F (x) : Ω →Ω, which is assumed to be bi-Lipschitz and orientation-preserving. Let M = DF := (
be the Jacobian matrix of F . Assume that (E, H) ∈ H(curl; Ω) × H(curl; Ω) are EM fields to (2.1), then for the pull-back fields given bỹ
where∇× denotes the curl in thex-coordinates, andε,μ,σ are the pushforwards of ε, µ, σ via F , defined respectively bỹ
Proof. The key ingredient for the proof of the lemma is the following transformation rule on curl operation (see, e.g. [14] )
Using (2.15) along with (2.1), (2.9) and (2.13), we havẽ
Similarly, using (2.15), together with (2.1), (2.9), (2.10), (2.12) and (2.14), we havẽ
where
The proof is completed. 
Lemma 2.2 and Corollary 1 summarize the basics of transformation optics in a rather general setting, which we shall make essential use of in the present paper. In the rest of this section, we give a short discussion on the singular ideal cloaking device construction considered in [5] and [18] using transformation optics, and introduce the notion of approximate cloaking from a regularization viewpoint. In the sequel, let B r denote the ball centered at the origin with radius r.
Moreover, set Σ := ∂B 1 . Consider the map
which blows up {0} to N 2 while keeps the boundary ∂M 1 fixed. In [5] and [18] , the authors consider the lossless setting, i.e., one always assume that σ = 0. In the cloaking region N 1 , the EM material parameters of the corresponding cloaking medium are given bỹ
In the cloaked region N 2 = B 1 , we consider cloaking an arbitrary but regular EM medium (ε 0 , µ 0 ), i.e., 22) which can be viewed as the push-forwards of (µ 0 , ε 0 ) in M 2 by F 2 = Id. We denote the transformation by
By (2.21) together with straightforward calculations, we have in the standard spherical coordinates x → (r cos φ cos θ, r sin φ cos θ, r sin θ) that
where e r and e θ are respectively, the unit projections along radial and angular directions, i.e.,
It is readily seen that as one approaches the cloaking interface Σ the cloaking medium becomes singular, sinceε andμ no longer satisfy the condition (2.5).
Finite energy solutions to the singular Maxwell's equations underlying the cloaking are investigated in [5] . It is shown that {0} is a removable singular point. Specifically, let (Ẽ,H) be the EM fields corresponding to {N ;ε,μ}, then (E + , H + ) = (F 1 ) * (Ẽ,H) are EM fields in free space on M 1 , which implies by Corollary 1 that Λ ω ε,μ = Λ ω 0 . On the other hand, (E − , H − ) = (F 2 ) * (Ẽ,H) satisfy the Maxwell equations
Generically, one would have E − = H − = 0 for (2.25) due to the homogeneous 'hidden' PEC and PMC boundary conditions in (2.25) on ∂M 2 . Also, due to such 'hidden' boundary conditions, it is claimed in [5] that one cannot perfectly cloak a generic internal current in the cloaked region B 1 .
As can be seen from (2.24) the cloaking medium for the ideal cloaking is singular, which poses challenges to both mathematical analysis and physical realization. In order to construct practical nonsingular cloaking devices, it is natural to incorporate regularization by considering approximate cloaking, which we shall investigate in the subsequent sections. We conclude this section by introducing the notion of approximate EM cloaking. have the 'near-invisibility' cloaking effect. In order for the invisibility cloaking and approximate invisibility cloaking in Definitions 2.1 and 2.3 make the right sense, throughout the rest of the paper, we always assume that there is a well-defined impedance map Λ ω 0 in the free space; namely, it is assumed that there is no resonance occurring in the free space.
Nonsingular approximate cloaking of passive medium
In this section, we consider the approximate EM cloaking for a relatively simpler case by assuming that all the EM media concerned are lossless, i.e. σ = 0, and also there is no source/sink present, i.e. J = 0.
For approximate acoustic cloaking by regularization, Kohn et al., in [9] , proposed blowing up a small ball B ρ to B 1 using a nonsingular transformation F ρ which degenerates to the singular transformation F in (2.23) as ρ → 0, while Greenleaf et al., in [6] , proposed blowing up B ρ to B R with R > 1 by the original singular transformation F . For the present study on approximate EM cloaking, we shall focus on the 'blow-up-a-small-ball-to-B 1 ' scheme and evaluate its performance. However, it is remarked that the other regularization scheme has been verified to yield the same performances for approximate EM cloaking.
3.1. Construction of approximate EM cloaking. Let 0 < ρ < 1 denote a regularizer and
Consider the nonsingular transformation from B 2 to B 2 defined by
Our approximate cloaking device is obtained by the push-forward of a homogeneous medium in B 2 \B ρ by F
ρ . Suppose we hide a regular but arbitrary uniform EM medium (ε 0 , µ 0 ) in the cloaked region B 1 . Then the corresponding EM material parameter in B 2 is
which are obviously nonsingular. The EM fields (Ẽ ρ ,H ρ ) ∈ H(curl; B 2 ) × H(curl; B 2 ) corresponding to {B 2 ;ε ρ ,μ ρ } satisfy Maxwell's equations
By Lemma 2.2, the pull-back EM fields
By Corollary 1, we see that
Hence, the estimate of Λ ω ερ,μρ for the approximate EM cloaking is the same to that of Λ ω ερ,µρ .
3.2.
Convergence and hidden boundary conditions. Henceforth, the following notations for EM fields shall be adopted
and
We also useẼ,H to represent the finite-energy EM fields considered in [5] for singular ideal cloaking which we discussed earlier in Section 2. (3.3) and (3.4) can be reformulated as the following transmission problems
where Σ ρ := ∂B ρ . Our arguments rely heavily on expanding the EM fields into series of spherical wave functions. To that end, we introduce for n ∈ Z + and m ∈ Z,
where ζ ∈ C is a complex number andx = x/|x| for x ∈ R 3 . Here, Y m n (x) are spherical harmonics and, h (1) n (z) := j n (z) + iy n (z) with j n (z) and y n (z), for z ∈ C, being the spherical Bessel functions of the first and second kind, respectively. The most important property of such functions for our argument are their asymptotical behavior with respect to small variables:
We refer to [3] and [14] for more properties of the functions introduced here. The second Maxwell's equations in (3.5) and the first of (3.6) would give rise to waves for
The following lemma characterizes the asymptotic behaviors of the coefficients in the spherical expansions (3.8) and (3.9) as ρ goes to zero.
Lemma 3.1. Assume ω is not an eigenvalue of (3.5), namely, the corresponding homogeneous equations have only trivial solutions. Let (Ẽ ρ ,H ρ ) be the unique solutions to (3.5),
are given by (3.8) and (3.9), respectively, whose coefficients are uniquely determined by the boundary data f . As ρ → 0 + , we have
Proof. We need to introduce the vector spherical harmonics
where Grad denotes the surface gradient. Define
For t 1, one can verify J n (t) = O(t n ) and H n (t) = O(t −n−1 ). Then on a sphere ∂B R , we have for 0 < R < 1,
whereas for ρ < R < 2,
(3.13) Expanding the boundary value on ∂B 2 in terms of the vector spherical harmonics, we have
nm .
SinceẼ ρ = (F −1 ρ ) * E ρ , the transmission condition on the electric field in (3.5) reads
By (3.12) and (3.13), we have
Similarly, the transmission condition on the magnetic field implies
By (R-2) and (R-3), we have
where as ρ → 0 + ,
By (R-1), we have
(3.17) By (3.15), these further imply
We are in a position to evaluate the approximate EM cloaking. Our observations are summarized in the following. Proposition 3.2. For the approximate EM cloaking, if ω is not an eigenvalue of (3.5), we have
where · denotes the operator norm of the impedance map.
Proof. We write the EM fields (E, H) propagating in the free space as
Consider the boundary condition ν ×E| ∂B 2 = f satisfied by the (E, H) fields with f given by (3.14) . By straightforward calculations, we have
Hence, the tangential magnetic field on the boundary is given by 20) Compared to ν ×H + ρ | ∂B 2 from (3.13), one observes that c m n , d m n , γ m n −a m n and η m n − b m n approach zero of order O(ρ 2n+1 ), which in turn implies (3.18).
Proposition 3.2 shows that the approximate cloaking scheme constructed in Section 3.1 actually gives the near-invisibility cloaking effect. Next, we consider the limiting state of the approximate cloaking, showing that it converges to the singular ideal cloaking. Proposition 3.3. For the approximate EM cloaking, if ω is not an eigenvalue of (3.5), we havẽ
Proof. We first show
It is easily verified that on any compact subset of B 2 away from the origin, one has that (E + ρ , H + ρ ) converges to (E, H) at the rate O(ρ 3 ). Indeed, we shall show
which implies (3.22) . To that end, we note the following identities
(3.23) By (3.9) and (3.19), we have
This implies as ρ → 0 +
by the convergence orders of the coefficients. Similarly, we have
On the other hand, it is observed from (3.12) that
(3.24) are both of O(ρ 2 ) as ρ → 0 + . Therefore the homogeneous PEC and PMC conditions naturally appears on the interior cloaking interface Σ − . This is consistent with the interior 'hidden' boundary conditions discovered in [5] for singular ideal cloaking (see also (2.25)), which together with (3.22) implies (3.21).
3.3. Cloak-busting inclusions and frequency dependence. In our earlier discussion, we achieved near-invisibility under the condition that there are no resonances occurring. That is, ω is not an eigenvalue to (3.3), or equivalently, to (3.4) . In fact, if ω is an eigenvalue to (3.4), the small inclusion (ε ρ , µ ρ ) in the free space could have a large effect on the boundary measurement. In this resonance case, one may not even has a well-defined boundary operator Λ ω ερ,µρ . The failure of the near-invisible cloaking due to such "cloak-busting" inclusion is also observed in the study of approximate acoustic cloaking in [9] . In the following, we shall show a similar result that for a fixed approximate EM cloaking scheme, there always exists certain interior content (ε 0 , µ 0 ) such that resonance occurs at certain frequency ω. We shall be looking for such triples (ω, ε 0 , µ 0 ), or equivalently (ω, k, µ 0 ), dependent on ρ, such that (3.5) is ill-posed. It corresponds to choices of (ω, k, µ 0 ) such that the coefficient matrices of systems (R-1), (R-2) and (R-3) are singular.
We consider two decoupled systems (R-1-1)-(R-2-1)-(R-3-1) and (R-1-2)-(R-2-2)-(R-3-2) corresponding respectively, to the variables {c m n , α m n , γ m n } and {d m n , β m n , η m n }. The coefficient matrices are denoted as A n and B n in the following. By elementary linear algebra manipulations, the augmented matrix for A n for the first system reduces to
For det(A n ) = 0, one can choose (ω, k, µ 0 ) satisfying
It is easily verified that with this choice, if f
(1) nm = 0, thenÃ n (3, 4) = 0, there exists no solution of (c m n , α m n , γ m n ). The boundary value problem is ill-posed and one does not have a well-defined boundary impedance map. In like manner, one can find (ω, k, ε 0 ) such that det(B n ) = 0.
Next we consider the performances of the approximate cloaking scheme in extreme frequency regimes. That is, we let ρ and (ε 0 , µ 0 ) be fixed, and evaluate the approximate cloaking effects as ω approaches zero or infinity, corresponding the low and high frequency regimes. First, we see that
nm :=
with W n (t) := j n (t)h 
n (t)j n (t). We shall address the frequency dependence issue by assuming that the inputs are given by the EM plane waves of the form (6.1). The corresponding coefficients f For the low frequency regime with ω 1, by (3.26), it is straightforward to show g
nm ∼ ω n−1 ρ 2n+1 , which implies a satisfactory approximate cloaking. Whereas for the high frequency regime with ω 1, we exclude the influence of resonances from our study by considering the case that |det(A n )| and |det(B n )| are bounded from below by a positive function C nm (ω, ρ), where the transmission problem (3.5) is well-posed. Then we consider two separate cases:
n (t) oscillate between −t −1 and t −1 , J n (t), H n (t) oscillate between −1 and 1, and W n (t) ∼ t −2 as t increases, we have
where one can show that C nm (ω, ρ) ω −n−3 ρ −n−1 . Here and in the following, for two expressions R 1 and R 2 , by "R 1 R 2 " we mean "R 1 ≤ cR 2 " with a constant c.
• For even higher frequency ω 1 such that ωρ 1, we calculate
where C nm ω −2 .
By (3.27) and (3.28), we cannot conclude whether or not one can achieve the near-invisibility. However, we conducted extensive numerical experiments to see that one has the near-invisibility in these two cases. These suggest that for the cloaking of passive media, excluding the resonance frequencies, one could achieve the near-invisibility for the approximate cloaking scheme of every frequency. This is sharply different from the case of cloaking active/radiating objects which we shall consider in the next section. So far, we have been concerned with the cloaking device where the cloaked region is B 1 and the cloaking medium occupies B 2 \B 1 , which we obtain by using the transformation (3.1)-(3.2). It is remarked here that for arbitrary 0 < R 1 < R 2 < ∞, one can construct an approximate cloaking device whose cloaked region is B R 1 and the cloaking layer is B R 2 \B 1 by implementing the following transformation
It is readily seen that all our earlier results hold for such construction. The remark applies equally to all our subsequent study.
Approximate cloaking with an internal electric current at origin
In this section, we consider the approximate EM cloaking scheme constructed in Section 3.1 in the case that we have an internal electric current present in the cloaked region supported at the origin. The corresponding EM fields verify
whereJ has the formJ
2) with δ 0 denoting the Dirac delta function at origin and v α ∈ C 3 . The pull-back EM fields satisfy Lemma 4.1. Assume ω is not an eigenvalue to (4.1). Let (Ẽ ρ ,H ρ ) be the EM fields to (4.1) withJ given by (4.2), and (E ρ , H ρ ) = ((F ρ ) * Ẽ ρ , (F ρ ) * H ρ ) be the EM fields to (4.3). GivenẼ − ρ as in (4.5) and E + ρ as in (3.9), we have as Proof. The boundary condition on ∂B 2 implies (R-1). From the standard transmission conditions, we have
(β m n J n (kω) + q m n H n (kω)), and
n (kω)). Solving (R-2') and (R-3'), we obtain
where t i (i = 1, 2, 3, 4) are given by (3.16) and t i (i = 1, 2, 3, 4) are given by
Plugging into (R-1), we obtain
10) which together with (4.8) imply (4.6) and (4.7).
Next, we evaluate the performances of the approximate EM cloaking. where · denotes the operator norm of the impedance map.
Proof. On the boundary ∂B 2 , using the expression (3.13) for ν × H + ρ | ∂B 2 and (3.20) for ν × H| ∂B 2 , together with the asymptotic estimates of the corresponding coefficients in Lemma 4.1, we have (4.11) by straightforward comparisons, since the coefficients c m n , d m n , γ m n − a m n and η m n − b m n converge to zero of order O(ρ n+1 ).
By Proposition 4.2, we see that one still achieves near-invisibility cloaking even though there is a source/sink present in the cloaked region. That is, the approximate cloaking makes both the passive medium and the active point source/sink nearly-invisible. However, we have one order reduction of the convergence rate. This is due to the extra terms
in γ m n − a m n , η m n − b m n , c m n and d m n respectively, compared to the case without the source/sink.
Next, we consider the limiting status of the approximate cloaking in this case when a point source/sink is present. We have Proposition 4.3. Assume ω is not an eigenvalue to (4.1). Let (Ẽ ρ ,H ρ ) be the EM fields satisfying (4.1) and (E ρ , H ρ ) = ((F ρ ) * Ẽ ρ , (F ρ ) * H ρ ) be the EM fields satisfying (4.3). Then we have as ρ → 0 + ,
with (E, H) being the EM fields on B 2 in the free space. Also
where (Ê − ,Ĥ − ) satisfy the Maxwell equations
(4.14)
Proof. By a similar argument to the first part of the proof of Proposition 3.3, one can show that on any compact subset of B 2 away from the origin, (E + ρ , H + ρ ) → (E, H) at the rate O(ρ 2 ), and on B 2 \B ρ ,
This proves (4.12). Next, we shall show (4.15) which in turn implies (4.13)-(4.14). On the interior cloaking interface Σ − , the Cauchy data are given by
Similarly, we have
Plugging (4.17) and (4.18) into (4.16), we have (4.15). The proof is completed.
By Proposition 4.3, we see that as ρ → 0 + , the near-cloak converges to the ideal-cloak. Moreover, in the limiting case, the EM fields in the cloaked region are trapped inside and the cloaked region is completely isolated.
Finally, we consider the frequency dependence for the approximate cloaking of active/radiating objects. Again, we address our study by considering the inputs being EM plane waves as in Section 3.3. By straightforward calculations, the coefficients that characterize the difference of the boundary measurements, i.e. ν × H + ρ | ∂B 2 − ν × H| ∂B 2 , associated to terms U m n and V m n , verifỹ
In the low frequency regime with ω 1, by (4.19) we havẽ
nm ∼ ω −n−2 ρ n+1 , which implies that one cannot achieve near-invisibility when ω ρ 2/3 . In the high frequency regime with ω 1, by excluding the resonances and using similar arguments to that in Section 3.3, one can show
By (4.20) , one cannot conclude whether or not the near-invisibility is achieved. However, in our numerical experiment given in Section 6.3, we have observed the failure of the approximate cloaking in the high frequency regime. Therefore, it can be concluded that for a fixed approximate cloaking scheme with a point source/sink (4.2) present in the cloaked region, in addition to resonances, the near-invisibility cannot be achieved uniformly in frequency.
Approximate cloaking with a lossy layer
In our earlier discussion of lossless approximate cloakings, we have seen the failure of the near-invisibility due to resonant inclusions. Following the spirit in [9] by introducing a damping mechanism to overcome resonances in approximate acoustic cloaking, we surround the cloaked region first by an isotropic conducting layer, then another anisotropic nonconducting layer as described as earlier. To be more specific, given a damping parameter τ > 0, our new regularized parameter in B 2 is given by
1) which is the push-forward of
by the transformation
To assess the approximate cloaking in this setting, we consider the transmission problem
The problem is well-posed on B 2 since ε τ is complex. Actually, we have (µ τ , ε τ ) = (2ρ, 2ρ(1 + iτ )).
We can write the spherical wave expansions of the electric fields as follows 
where (μ ρ ,ε ρ ) is the lossy medium given by (5.1). Then the pull-back field (E ρ , H ρ ) satisfies
with (µ ρ , ε ρ ) given by (5.2) . Therefore, the fields
satisfy the transmission problem (5.3). Moreover,
is given by (5.4) with p m n , q m n = 0 for some n and m, and
Proof. In the case that no source/sink is present (J = 0), the boundary condition and transmission conditions in (5.3) imply (R-1) and the following equations.
(R-4)
2 ) . Solving (R-6-1) and (R-7-1), we obtaiñ 
Plugging the above quantities into (R-4-1) and (R-5-1), we further have
, where
(1)
By (R-1) as ρ → 0 + , we have
which in turn implies
Similar calculations suggests the other estimates in (5.5).
Statement (ii) is derived from solving (R-1), (R-4), (R-5) and
Using Proposition 5.1, all our results in Sections 3 and 4 for the lossless approximate EM cloaking can be shown to hold equally for the lossy approximate cloaking scheme (5.1). We remark briefly on this here. does not vanish since by (R-4) and (R-5), the terms associated to V m n of ν ×Ẽ 2 and ν ×H 2 are O(1). These observations suggest that in the limiting case, the lossy approximate cloaking converges to the ideal cloaking, and the cloaked region is completed isolated with the EM fields trapped inside (see Proposition 4.3 for similar observations in the lossless case).
For the frequency dependence of the performances of the lossy approximate cloakings, we also have completely similar results to those in the lossless case, which we would not repeat here ( see our discussion at the end of Sections 3 and 4).
We conclude this section with two more interesting observations. In [9] , for the approximate acoustic cloaking by employing a lossy layer, one needs to require that the damping parameter τ ∼ ρ −2 , which is not necessary for our present approximate EM cloaking. On the other hand, it is shown in [16] that if τ is allowed to be ρ-dependent, one could achieve near-invisibility uniformly in frequency. However, such result does not hold for the approximate EM cloaking.
Numerical experiments
In this section, we carry out some numerical experiments based on the discussions and calculations in Sections 3, 4 and 5. First we introduce an electric plane wave of the form E = e −iωx·d P (6.1)
, P ∈ C 3 and d · P = 0. In the free space, the EM fields (E, H) := (e −iωx·d P, −e −iωx·d d × P ) satisfy Maxwell's equations
The spherical wave functions expansions of the EM-fields (E, H) are given by
and f
By (3.23), we have
On the boundary ∂B 2 , one has
(6.4) Figure 1 demonstrates an electric field by taking the first 15 modes in the above expansion; that is, n is up to N = 15. Throughout all our computations, we shall make use of such truncation when a spherical wave function expansion is considered.
6.1. Lossless approximate cloaking of passive media. Recall in Section 3 that the EM material parameters of our lossless cloaking device are
Based on the calculations in Lemma 3.1, we depict the EM fields (Ẽ ρ ,H ρ ) propagating in {B 2 ;ε ρ ,μ ρ } in Figure 2 with the following boundary conditionx ×Ẽ ρ | ∂B 2 =x × E, (6.5) where E is the one demonstrated in Fig 1. It is remarked that the boundary input (6.5) will also be implemented in our subsequent numerical experiments, when a boundary condition is concerned. Next, we consider the convergence of the near-cloak to the ideal-cloak. To that end, for the EM .
In our calculations, we shall make use of the following identity from [14] ,
given the vector spherical harmonic expansion of λ
n,m V m n .
The convergence rate as ρ → 0 + is calculated as following
In Table 1 , we list the computational results, which verify Proposition 3.2, i.e., the convergence order is 3. Table 1 . Convergence rate of boundary operator for the lossless approximate cloaking with ω = 5, ε 0 = µ 0 = 2.
6.2. Lossless cloaking of active/radiating objects. In this numerical experiment, we study the performance of our lossless approximate cloaking device when an internal point source/sink is present at origin, elaborating to the discussion in Section 4. We apply a delta sourceJ = |α|<K (∂ α x δ 0 (x))v α by introducing a radiating field
with known p m n and q m n , into the electric field E − ρ inside the virtue inclusion B ρ . In Figure 3 and Table 2 , we choose p Figure 3 , we see that one could still achieve near-invisibility, and the EM fields in the cloaked region is almost trapped inside. Table 2 . Convergence rate of boundary operator for the lossless approximate cloaking with a delta source, ω = 5, ε 0 = µ 0 = 2. 6.3. Cloak-busting inclusions and frequency dependence. In Section 3.3, we have shown the failure of lossless cloaking due to resonances. In Figures 4 , for a fixed ρ, the first mode (n = 1) of boundary errors Er(ρ) are plotted vs frequency ω, for both passive and active cloaking. We observe blowups of the errors at resonant frequencies, where the determinants det(A n ) and det(B n ) (n = 1) vanish (see Figure 5 for those resonance frequencies). In fact, we have numerically shown that for every frequency ω and ρ, there is a choice of 'cloaking-busting' inclusion in B 1 , e.g., a pair of parameters (ε 0 , µ 0 ) satisfying (3.25), such that the lossless construction is resonant. In Figure 6 , an example of such resonant inclusion at mode n = 1 is plotted against ρ for a fixed frequency. One can see that as ρ → 0 + , the EM parameters of the inclusion become singular, namely, ε 0 → ∞ and µ 0 → 0. As discussed in Section 3.3 and Section 5, Figure 7 that both the lossless (excluding the resonant frequencies) and lossy cloaking schemes work well in the low frequency regime, namely when ω 1, without any source/sink present in the cloaked region. In Sections 4 and 5, when a point source/sink is present at the origin, we see that both the lossless and lossy cloaking schemes fail when ω ρ 2/3 , as shown in Figure  8 . For higher frequencies, the behaviors of the cloaking schemes are not deterministic. Nonetheless, we show in Figure 9 that the lossless cloaking of active/radiating objects (excluding resonant frequencies) generates relatively large boundary error Er(ρ) when ω 1. 6.4. Lossy approximate cloaking. According to our discussion in Section 5, we employ a lossy layer right between the cloaking layer and the cloaked region. In Figure 10 , we show how the EM-fields propagate in such a lossy construction of approximate cloaking. One can see that near-invisibility is achieved. In Table 3 , the convergence order of the lossy near-cloak of passive media as ρ → 0 + is shown to be 3, which is consistent with Remark 5.2. It is recalled that for the lossy approximate cloaking, the EM parameters in At last, we demonstrate the frequency dependence of our lossy approximate Table 3 . Convergence rate of boundary operator for lossy approximate cloaking of passive medium, with frequency ω = 5, ε 0 = µ 0 = 2, damping parameter τ = 3.
cloaking scheme in Figure 11 without a source/sink. Observe that the resonant frequencies disappear. However, we observe some frequencies at which the boundary error Er(ρ) is relatively large. We believe such frequencies are those very close to the poles or transmission eigenvalues in the complex plane of the boundary value problem. It is remarked that such phenomenon could also be observed in the lossless approximate cloaking. If there is a point source present at the origin, we would have the similar numerical result as the case considered in Figure 9 for the lossless cloaking. 
